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1. THE PROPOSED SEMI-NORM IS NOT THE WORST.  

1.1. REMARK  

In [ha.pdf] and [ha02.pdf] we began the construction of a C*-algebra and encountered a difficulty with the 

expression proposed for the norm. Indeed we discovered that it only was a semi-norm. Furthermore, some 

of the necessary conditions to built this C*-algebra has imposed the necessity to work with an “Iso” subset 

and any element of such set has a vanishing (semi)-norm. So that we are actually in a “cul-de-sac” with our 

initial proposition; and that we have to explore some other road to progress. 

1.2. REMARK 

One “generic” condition for a given expression to be a norm is || . A|| = ||. ||A||; see [01; page 1; 

definition 1.1 (c)]. Until now, our proposition to built a norm was || A|| = | A. ⌂▼A(A, A)| where the symbol 

“| … |” is the traditional norm on K = ℝ or ℂ, the symbol “.” is the scalar product defined on (EN, K) and the 

symbol “⌂A(…, …)” is the extended product also defined on (EN, K) with the cube A. The immediate 

consequence of this proposition on the generic condition is in fact a restriction concerning the subset of K 

where the numbers  can be chosen; here the restriction writes: |³| = ||. This is resulting in   {-1, -j, -

j², 1, j, j²}  {z  K | |z| = 1}.     

1.3. DEFINITION 

Let us suppose we would have defined the expression:  

f(A) = |A. {A + ⌂▼A(A, A) + ⌂▼A(⌂▼A(A, A), A) + ⌂▼A(⌂▼A(⌂▼A(A, A), A), A) + …}|  

Let us calculate f(. A). We find:  

f(. A) = |². A² + ³. A. ⌂▼A(A, A) + 
4
. A. ⌂▼A(⌂▼A(A, A), A) + … |. 

1.4. REMARK 

Let us take the vector A into the set of the idempotents relatively to the extended product; namely:  

Idem (EN, K, ⌂▼A) = {A  (EN, K) | ⌂▼A(A, A) = A} 

It follows:  

f(. A) = |² + ³ + 
4
 + … + 

p - 1
|. |A²|  

In the same condition (A  Idem (EN, K, ⌂A)), f(A) = (p – 2). |A²|; where necessarily p  ℕ* - {1}. Independently 

of the element A, an evident way to get the necessary generic condition is then:  

||. (p – 2) = |² + ³ + 
4
 + … + 

p - 1
|. 
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1.5. REMARK 

If  is one of the p roots of 1 in ℂ, then the above condition is reduced to:  

(p – 2). || = (p – 2) = |1 + | 

because, in that case, || = 1. Let us translate it in ℝ x ℝ. We get:  

(p – 2)² = |1 + |² 

(p – 2)² = (1 + x)² + y² = 2. (1 + x) with x = cos (2/p), y = sin (2/p) and  = 0, 1, …, p – 1.   

Let us develop this equation and verify that:  

x = ½. (p – 2)² - 1 = cos (2/p)   

To clarify this problematic, let us try p = 3 (which is in fact a case very similar to the case develop in § 1.2). We 

have to verify if the following equation makes sense: -½ = cos(2/3) for  = 0, 1, 2. The answer is: yes for  = 1 

and 2. Let us try p = 4; we have to verify if the following equation makes sense: 1 = cos(/2) for  = 0, 1, 2, 3. 

The answer is: yes for  = 0 only. But note that in that case  = 1, only. Let us try p = 5; we have to verify if the 

above equation makes sense. The answer is immediately: no; because we would have a cosine greater than 1; 

which is impossible.  

1.6. CONCLUSION 

Apparently, since a function f(A) = |A²| is the traditional definition for a norm and consequently represents 

no progress, the only new and meaningful proposition to extend the notion of norm with the help of the 

extended product seems to be the function f(A) = |A. ⌂▼A(A, A)| proposed in § 1.2.  

Unfortunately, even if it is coinciding with the traditional norm for any element of the Idem (EN, K, ⌂A) set, 

it is unsatisfactory because of the restriction on  when A is any element of (EN, K).  

1.7. REMARK 

The real number f(A) is the measure of the projection on the axis represented by the vector A of the 

extended square product of this vector. It vanishes if this square product is orthogonal to the initial vector.  

1.8. REMARK 

The real number f(A) also is what we did call “the equivalent scalar” associated with the square product 

⌂▼A(A, A). Thus we should perhaps remember the investigation made with the purpose to compare it with 

the scalar obtained when this extended product splits.     
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2. LOOKING FOR SOMETHING NEW.  

2.1. DEFINITION 

Consider a new proposition:  

g(A) = |A. {A + ½. ⌂▼A(A, A) + 1/6. ⌂▼A(⌂▼A(A, A), A) + 1/24. ⌂▼A(⌂▼A(⌂▼A(A, A), A), A) + …}|  

2.2. REMARK 

Let us suppose that the extended product is defined with the help of a cube A allowing to interpret any ⌂A(A, B) 

as being equivalent to a derivation AB. Then the function f(A) in § 1.3 can be written:  

g(A) = |A. {A + ½. AA + 1/6. AAA + … + [1/(p – 1)!]. A…AA}|  

This is strongly remembering a Taylor’s development; except that we are now working with vectors.  

2.3. REMARK 

Let us suppose that the extended product defined with the help of a cube A is associative and owns trivial 

splits. Then the function g(A) in § 2.1 can be written:  

g(A) = |A. {A + ½. ⌂▼A(A, A) + 1/6. ⌂▼A(A, ⌂▼A(A, A)) + …}|  

g(A) = |A. {A + ½. A(A). A + 1/6. A²(A). A + …}| 

g(A) = |A. {(I + ½. A(A) + 1/6. A²(A) + …). A| 

This is strongly remembering a Taylor’s development and suggesting that:  

g(A) = |A. exp{A(A)}. A| 

This is encouraging us to find circumstances for which the “norm” of the matrix exp{A(A)} is 1.  

 

3. CONVERGENCE 

3.1. REMARK: THE “EQUIVALENT SCALAR” (AND THE METHOD ASSOCIATED WITH) 

This procedure has still been developed extensively in the French document etf31v4.pdf. Its essence is a 

comparison between a scalar obtained with the help of the split of an extended product (anyone; so inclusively 

a square extended one) and a scalar obtained with an ad hoc Hessian. The comparison is possible if three 

conditions are realized simultaneously. The first of them implies proportionality between the two scalars. So 

that if one is vanishing, then the other also does. Since one of these scalars is built with the expression 

proposed for the norm, this is a fundamental remark.    
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The claim is to precise conditions for which the semi-norm vanishes. The hope is to discover circumstances for 

which a vanishing semi-norm is automatically associated with the vanishing of the vector A. In that 

circumstance the semi-norm becomes a norm.  

The ad hoc scalar built with a Hessian is (see pragmatic example in etf31v4.pdf) T = < dx| Hess (h(x))| dx >. 

Obviously the condition x = 0 implies T = 0. Unfortunately, the converse is not automatic and only implies: 

[
2
h(x) - 

.  h(x)]. dx. dx = 0.  

The most important item becomes the study of the convergence of the proposed semi-norm with the so-called 

“equivalent scalar” obtained in supposing the existence of at least one non trivial split for the square extended 

product under consideration.  

The idea is now to explore if the projection of the split of an extended product is a limit for the proposed semi-

norm. This is: we consider à priori the existence of a sequence in MN (K) x (EN, K, ⌂▼A) {([P], z) for  = 1, 2... p} 

and we try to discover circumstances for which the following proposition becomes true:  

Lim |A. ⌂▼A (A, A) – A. {[P]. A + z}| = 0 (convergence of type 1) 

Or, we consider à priori the existence of a sequence of cubes {▼A () for  = 1, 2... p} and we try to discover 

circumstances for which the following proposition becomes true:  

Lim  |A. ⌂▼A () (A, A) – A. {[P]. A + z}| = 0 (convergence of type 2) 

In both cases a convergence exists which is realizing a kind of harmony between a cube, a split and the 

expression proposed for the norm. In the first case (type 1) a sequence of splits is converging so that one can 

hope to reach the value f(A) proposed to be a norm on (EN, K, ⌂▼A). In the other case (type 2) a sequence of 

extended products is converging so that one of them coincides with a given split.  

In etf31v4.pdf we could propose a method to minimize any scalar s = B. ⌂▼A (A, B) – B. {[P]. B + z} when B = dA 

and where “d” denotes the ordinary derivation
1
 on (EN, K). That is, given an extended product ⌂▼A (A, B) and an 

invertible metric, we can always find an element ([P], z) of MN (K) x (EN, K, ⌂▼A) minimizing “s” up to the terms 

of the third order. Unfortunately even if this is making the split ([P], z) quasi-perfect (see terminology in 

etf31v4.pdf) it is giving no absolute insurance for the existence of the split. The proposed split always is an 

approximation.  

Since the scalar s is bilinear in B, the method can be extended without any change to cases where B =  dA. It 

may be intuitively extended to cases where B =  [X]. dA provided an ad hoc condition on the [X] matrices. So 

that an application to the problematic of the semi-norm can be accepted for cases where, also actually 

intuitively, A =  [X]. dA; this is offering an interesting opportunity to study exponentially increasing or 

decreasing vectors. Quite more interesting at a theoretical level, this is giving us a natural opportunity to try to 

involve the “Dirac’s Ansatz” *03; § 3.3; page 102) inside of our mathematical theory when A represents a spinor 

(a set of four wave functions if N = 4).   

                                                                 

1
 The ordinary derivation is not a differential.   
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All these thoughts have very important implications on our ability to analyze the Lorentz-Einstein Law (LEL) 

which is a special illustration when N = 4 and A represents the 4D speed vector of a particle. But with a little 

imperfection: the validity of this analysis pre-supposes (or implicitly supposes) that the LEL is a law only 

approximately true; or is secretly including terms of the third order into the residual acceleration.  

3.2. REMARK  

 If N = 1, which is the easiest configuration, the realization of one of the two possible convergences exposed in 

§ 3.1 automatically yields a polynomial form of degree 3 in “a”, the unique coordinate of A. The generic 

formalism of this form is:  

|A. a
3
 – p. a

2
 + z| = 0 

All vectors of which the coordinate satisfies this equation realize the above convergence. But since in a 1D 

space the expression f(A) is a trivial cubic form A. a
3
, the question of the semi-norm in such space is 

meaningless if it is real. That means: the expression f(A) = |A. a
3
| satisfies the condition of “separation”: f(A) = 

0  A = 0 when K = ℝ. Please also remark that in such case, if the coordinate has the unit of a length, then the 

proposed nom is a volume.  

3.3. REMARK 

For any N  ℕ*, let us suppose that one of the convergence is realized (type 1 or type 2). This is transforming 

the question of the semi-norm. Let us consider the type 1 one. The question is:  

A. {[P]. A + z} = 0   ? A = 0 

If the convergence is obtained for a trivial split, the question is more precisely:  

A. {A(A). A} = 0   ? A = 0 

The above relation A. {A(A). A} = 0 can be realized in three cases:  

1°) A = 0; which is perfect but without any interest.  

2°) A is orthogonal to A(A). A; see later. 

3°) A(A). A = 0. Let us first examine the third case.  

3°) a) Either | A(A) |  0. Traditional rules (Kramer’s system) imply that A = 0. But in that case, A(A) = [0] and 

| A(A)| = 0; this is a non sense.  

3°) b) Or | A(A)| = 0. There is no obligation for A to vanish.  

For example, consider the special case N = 3 and ▼A = ▼. The expression under study always vanishes 

without any obligation for A to vanish:  

A(A). A = A  A = 0 

 



Banach space for the (E) Theory – February 2008 

Th. PERIAT   

6 

 

3.4. REMARK 

Another versus of the generic condition to get a norm inside of our own approach is [02; page 3; § 2.1] 

⌂A(. A, . A) = *. ⌂A(A, A). This yields: 
2 

= * (conjugate of). More precisely: x
2
 + y

2
 = x and 2. x . y = - y. 

We still had the opportunity to demonstrate that it implies:    {1, j, j²}. This is a more restricting result 

than those of § 1.2.  

3.5. REMARK 

If we try to introduce the notion of Cauchy sequences, we have to develop it in different ways. First 

possibility, we consider the type 2 convergence defined in § 3.1 and we write:  

3.6. DEFINITION 

A sequence of cube is de facto defining a sequence of “semi-norms” for any given vector A. This sequence 

is Cauchy if:  

  > 0,  N > 0,  ,   N, |A. ⌂▼A() (A, A) – A. ⌂▼A() (A, A)| <  

Obviously, if a sequence of semi-norm for A is Cauchy it does not obligatory converges.  

3.7. DEFINITION 

A sequence of cube is de facto defining a sequence of “semi-norms” for any given vector A. This sequence 

is convergent if:  

  > 0,  N > 0,    N, |A. ⌂▼A (A, A) – A. ⌂▼A() (A, A)| <  
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