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2. Context:

Our claim is the construction of C*-algebras on a space vector (Ey, C) equipped with an extended product Oy 4.
In a first step, we restrict our self to algebras “for topologists” [01; §2; page 3]. We thus have to first build
involutive and Banach algebras.

Definition 1: Involutive algebra. Five properties characterize this type of algebra:

a. The extended product must be associative. Remark: as already demonstrated in former sections, the
existence of an associative extended product automatically defines a multiplicative morphism ,®
between (Ey, C, 0(va)) and My(C).

b. Involution itself. There exists a map (Ex, C, 0(va) = (En, C, O(va) : @ = a* such that a** = a. There is
here apparently a total liberty. But the choice that will be done here will have important consequences
on the other imposed conditions. We shall illustrate this remark below.

c. (a+b)*=a*+b* Letussuppose, as in ha.pdf, that we define the above map (adjoint element) by a* =
Ocvay(a, a). The condition c) imposes an anticommutative extended product (see ha.pdf for the
demonstration). If we make the choice: a* = a(yay(a, O(va)(a, a)). The condition c) is now: O(yay(a + b,
Ovaf@ + b, a + b)) =0vaa, Ovaya, a)) + Ovay(b, O(vay(b, b)); this is implying a totally different
condition.

d. (L. a)y*=Ar* a* VA e C where A* is the ordinary conjugate complex number of A. Let us suppose, as in
ha.pdf, that we define the adjoint element with a* = O y)(a, a). The condition d) imposes A=k If
we now make the choice: a* = Oy 4)(a, O(va)(a, 2)), the condition d) is now: A=k

Remark 1: suppose A =i e C | (i*+ 1 =0), then A* =i® = - i = A* = - A. This relation characterizes a set of
matrices in My(C) used to write the world line Green functions [02; page 5; (2.4)]. This fact motivates our
interest for unital Banach algebras in which every non zero element is invertible because such algebras are
isomorphic to C by the Gelfand Mazur theorem [01; page 8; theorem 2.19]. The relations A* = A* and A* = A*,
are a direct consequence from the definition made for the adjoint element. The general result of that way of
doing is the determination of a subset, said C < C, for which the d) condition holds. The existence of an
isomorphism between C and a given unital Banach algebra in which every nonzero element is invertible implies
those of a representation of any subset of C in that Banach algebra. In that case, C owns a representation too. For
the pragmatic application at hand [02], the powers 0, 1 and 2 of the matrix Z and of its adjoint are expected to
be some elements of this representation. This way of thinking is interesting only if the isomorphism preserves
the relation (valid in C) resulting from the respect of the condition d) for a given choice of the adjoint. The
interesting point here will be in fact to explore the transformed of € ® (Ey, C, 0(v4)) via an isomorphism and to
verify if we can with it, for example, write the elements in the subset of My(C) generated by the powers 0, 1 and
2 of the matrix Z.

e.  Ovala, b)* = Oya(b*, a*). Once more time the effective consequence of that condition depends on
the choice made for the definition of the involution.

Remark 2: My(C) is a C*-algebraic structure for the operator norm [01; page 4; example 2.3].

Remark 3: The initial strategy is a) the definition of a sub-algebra of My(C) equipped with a C*-algebraic
structure and b) the precision of the conditions for which the multiplicative morphism is a bijection. The
surjection of the multiplicative morphism ,® has already been explored. The injection remains an open question:
? A®(a) = ,@(b) — a = b. Per definition: ,®(a) = [A". a'].

Remark 4: When the multiplicative morphism A® is a bijection, we can envisage the definition of the resolvant.

Definition 2: Resolvant. Let us suppose that range (,®) is a C*-algebra. The resolvant of a matrix [M] is the set
of all matrices [Z] in My(C) such that {[M] — [Z]}" is also in range (,®). Since My(C) is a C*-algebraic
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structure for the operator norm, [Z] has a norm. The spectrum of [M] can be defined as being the biggest norm
that can be calculated for an element in its resolvant. And if ,® is a bijection, the spectrum of the source of [M]
can also be defined. It is the biggest norm that can be calculated for an element in the resolvant of the source of
(M].

Remark 5: the norm. Accordingly to the considerations made by the Pr. Connes [03; pagel3], there is in fact no
liberty for the choice of the norm. It should absolutely be (spectrum of 0y (a*, a))"”. For the adjoint element
proposed in ha.pdf it is: (spectrum of O(ya(O(va(a, a), a))"%. Note that it is not so far from our intuitive
proposition (see work of February 2008: BSforET.pdf) which, unfortunately, only was a semi-norm. With this
strategy, we should now be able to build a Banach space for the (E) Theory.
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